Abstract. A metric is formal if all products of harmonic forms are again harmonic. The existence of a formal metric implies Sullivan formality of the manifold, and hence formal metrics can exist only in presence of a very restricted topology. We show that a warped product metric is formal if and only if the warping function is constant and derive further topological obstructions to the existence of formal metrics. In particular, we determine necessary and sufficicient conditions for a Vaisman metric to be formal.
Introduction
A fundamental problem in algebraic topology is the reading of the homotopy type of a space in terms of cohomological data. A precise definition of this property was given by Sullivan in [S] and called formality. As concerns manifolds, it is known e.g. that all compact Riemannian symmetric spaces and all compact Kähler manifolds are formal. For a recent survey of topological formality, see [PS] .
Sullivan also observed that if a compact manifold admits a metric such that the wedge product of any two harmonic forms is again harmonic, then, by Hodge theory, the manifold is formal. This motivated Kotschick to give the following: Definition 1.1. ( [K] ) A Riemannian metric is called (metrically) formal if all wedge products of harmonic forms are harmonic.
A closed manifold is called geometrically formal if it admits a formal Riemannian metric.
In particular, the length of any harmonic form with respect to a formal metric is (pointwise) constant. This larger class of metrics having all harmonic (1-)forms of constant length naturally appears in other geometric contexts, for instance in the study of certain systolic inequalities, and has been investigated in [N] , [NV] .
Classical examples of geometrically formal manifolds are compact symmetric spaces. In [KT1] and [KT2] more general examples are provided, both of geometrically formal and of formal but non-geometrically formal homogeneous manifolds.
Geometric formality imposes strong restrictions on the (real) cohomology of the manifold. For example, it is proven in [K] that a manifold admits a non-formal metric if and only if it is not a rational homology sphere.
In this note, we shall obtain further obstructions to formality. We shall see that if a compact manifold with b 1 = p ≥ 1 admits a formal metric, and if there exist two vanishing Betti numbers such that the distance between them is not larger than p + 2, then all the intermediary Betti numbers must be zero too. Also, a conformal class of metrics on an even-dimensional compact manifold with non-zero middle Betti number can contain no more than one formal metric.
Our main concern will be the formality of warped products. We shall show that a warped product metric on a compact manifold is formal if and only if the warping function is constant. On the way, we shall also provide a proof for the known fact (stated for instance in [K] ) that a product of formal metrics is formal.
Unlike Kähler manifolds, which are known to be formal, for the time being, nothing is known about the Sullivan formality of locally conformally Kähler (in particular Vaisman) manifolds. In the last section of this note, we shall discuss compact Vaisman manifolds, whose universal cover is a special type of warped product, a Riemannian cone to be precise, and we shall find obstructions to the metric formality of a Vaisman metric.
We end this introduction with the following straightforward, but useful characterisation of geometric formality: Lemma 1.2. Let α and β be two harmonic forms on a compact Riemannian manifold (M n , g). Then α∧β is harmonic if and only if the following equality is satisfied:
where {e i } i=1,n is a local orthonormal basis of vector fields. Thus, the metric g is formal if and only if (1) holds for any two g-harmonic forms.
Proof:
Since we are on a compact manifold, a differential form is harmonic if and only if it is closed and coclosed. As α ∧ β is closed, we have to show that (1) is equivalent to α ∧ β being coclosed. This is implied by the following:
2. Geometric formality of warped product metrics 2.1. Riemannian products. For the sake of completeness and as a first step in the study of geometrically formal warped products, we provide a proof for the formality of Riemannian product metrics.
2 ) be the Riemannian product of two compact manifolds and let π i : M → M i be the natural projections, which are totally geodesic Riemannian submersions.
One may describe the bundle of p-forms on M as follows:
This identification also works for the space of harmonic forms, namely the harmonic forms on (M, g) can be described in terms of the harmonic forms on the factors (M 1 , g 1 ) and (M 2 , g 2 ). To this end let H k (M i , g i ) be the space of harmonic k-forms on M i and let b k (M i ) be the Betti numbers of M i , i = 1, 2. We can prove:
. Then the forms:
By Hodge theory for compact manifolds, the dimension of the space of harmonic p-forms is equal to the p th Betti number, and hence:
It sufficies to show that the forms in (3) are g-harmonic (since they are linear independent and in the right number, they build a basis of H p (M, g)). It is enough to check that each form π * 1 (α) ∧ π * 2 (β) is g-harmonic if α is a g 1 -harmonic form on M 1 and β is a g 2 -harmonic form on M 2 . We first show that π * 1 (α) and π * 2 (β) are g-harmonic forms on M , then use Lemma 1.2. Since the manifolds are compact, a form is harmonic if and only if it is closed and coclosed.
As the exterior differential commutes with the pull-back, π * 1 (α) and π * 2 (β) are closed forms on M .
For the codifferential δ on M we first check that it commutes with the pullback given by the projections π i . Let {e i } i=1,n be a local orthonormal basis on M 1 and {f j } j=1,m be a local orthonormal basis on M 2 , which we lift to M and thus obtain a local orthonormal basis of M : {ẽ i ,f j } i=1,n;j=1,m . We consider the following decomposition of the codifferential on M : δ = δ 1 + δ 2 , where
The pull-back of any p-form α on M 1 is automatically in the kernel of δ 2 since ∇ X (π * 1 (α)) = 0, for any vector field X tangent to
where {Y i } i=1,p are any tangent vector fields to M .
We then obtain:
where by ∇ g 1 we denote the Levi-Civita connection and by δ g 1 the codifferential of g 1 on M 1 . Since the roles of M 1 and M 2 are symmetric, we obtain a similar commutation relation for any form β on M 2 :
From (4), (5) and the closedness of π * 1 (α) and π * 2 (β), it follows that π * 1 (α) and π * 2 (β) are g-harmonic, if α and β are g 1 -respectively g 2 -harmonic forms. By Lemma 1.2, in order to show that π * 1 (α) ∧ π * 2 (β) is harmonic, we have to check that condition (1) is fulfilled. Considering again an adapted local othonormal basis {ẽ i ,f j } i=1,n;j=1,m as above, it follows that (1) holds for π * 1 (α) and π * 2 (β), since in each term one factor vanishes:ẽ i π * 1 (β) = 0 and ∇ẽ i (π * 1 (β)) = 0, for all i = 1, . . . , n andf j π * 2 (α) = 0 and ∇f j (π * 2 (α)) = 0, for all j = 1, . . . , m.
We are now ready to prove: Proposition 2.2. If (M 1 , g 1 ) and (M 2 , g 2 ) are two compact Riemannian manifolds with formal metrics, then the metric g = g 1 + g 2 on the product manifold M = M 1 × M 2 is also formal.
Let γ ∈ Ω p M and γ ′ ∈ Ω q M be two harmonic forms on M . By Lemma 2.1, γ and γ ′ are given by linear combinations with real coefficients of the basis elements in (3). Thus, it is enough to check that the exterior product of any two such basis elements is a harmonic form on M . But:
which is g-harmonic on M by Lemma 2.1 and by the formality of g 1 and g 2 (as α ∧ α ′ is again a g 1 -harmonic form and β ∧ β ′ a g 2 -harmonic form). 
Let [g] be a class of conformal metrics on M and suppose there are two formal metrics g 1 and g 2 = e 2f g 1 in [g] . The main observation is that in the middle dimension the kernel of the codifferential is invariant at conformal changes of the metric, so that there are the same harmonic forms for all metrics in a conformal class: H n (M, g 1 ) = H n (M, g 2 ). As b n (M ) ≥ 1 there exists a non-trivial g 1 -harmonic (and thus also g 2 -harmonic) n-form α on M . The length of α must then be constant with respect to both metrics, which are assumed to be formal and thus we get:
which shows that f must be constant.
Using the product construction to assure that the middle Betti number is non-zero, one can build such examples of formal metrics which are unique in their conformal class.
Other examples are provided by manifolds with "big" first Betti number, as follows from the following property of "propagation" of Betti numbers on geometrically formal manifolds proven in [K, Theorem 7] :
Another property of the Betti numbers of geometrically formal manifolds is given by: 
Let {θ 1 , . . . , θ p } be an orthogonal basis of g-harmonic 1-forms, where g is a formal metric on M . We first notice that here is no ambiguity in considering the orthogonality with respect to the global scalar product or to the pointwise inner product, because, when restricting ourselves to the space of harmonic forms of a formal metric, these notions coincide. This is mainly due to [K, Lemma 4] , which states that the inner product of any two harmonic forms is a constant function. Thus, if two harmonic forms α and β are orthogonal with respect to the global product, we get:
showing that their pointwise inner product is the zero-function.
It is enough to show that b k+1 (M ) = 0 and then use induction on i. Let α be a harmonic (k + 1)-form. By formality, θ 1 ∧ θ 2 ∧ · · · ∧ θ l−1 ∧ α is a harmonic (k + l)-form and thus must vanish, since b k+l (M ) = 0. On the other hand, θ ♯ j α = (−1) k(n−k−1) * (θ j ∧ * α) is a harmonic k-form, again by formality. As b k (M ) = 0, it follows that θ ♯ j α = 0, for 1 ≤ j ≤ p. Then, using that {θ 1 , . . . , θ p } are also orthogonal, we obtain:
which implies that α = 0, because each θ j has non-zero constant length. This shows that b k+1 (M ) = 0.
Warped products.
We now pass to the setting we are mainly interested in, namely the warped products. Let (B n , g B ) and (F m , g F ) be two Riemannian manifolds and let ϕ > 0 be a smooth function on B. Let M = B × ϕ F be the warped product with the metric g = π * (g B ) + (ϕ • π) 2 σ * (g F ), where π : M → B and σ : M → F are the natural projections.
Let {e i } i=1,n be a local orthonormal basis on B and let {f j } j=1,m be a local orthonormal basis on F , which we lift to M and thus obtain a local orthonormal basis of M : {ẽ i , 1 ϕ • πf j } i=1,n;j=1,m . Consider the following decomposition of the codifferential on M : δ = δ 1 + δ 2 , where
We first determine the commutation relations between the pull-back of forms on B and F with δ 1 and δ 2 .
Lemma 2.5. For α ∈ Ω * (B) and β ∈ Ω * (F ), the following relations hold:
Proof: Let α ∈ Ω p+1 (B) . For any tangent vector fields X 1 , . . . , X p to M we obtain:
where we took into account that π * (f j ) = 0 (asf j are tangent to the fiber F and π is the projection on B). This proves (6).
For (7) we compute:
We may suppose without loss of generality that X i are lifts of vector fields Y i on B: X i =Ỹ i , for i = 1, . . . , p (since each term in the above sum vanishes if there is at least some vector field X i tangent to F , for which π * (X i )). Under this assumption, we further obtain:
thus proving (7). Let now β ∈ Ω p+1 (F ). We obtain (8) as follows:
since σ * ẽi = 0, becauseẽ i is the lift of a vector field on B and also σ * (∇ẽ iẽ i ) =
The commutation rule (9) is shown as follows:
where we may again assume, without loss of generality, that X i are lifts of vector fields Z i on F: X i =Z i for i = 1, . . . , p. For a tangent vector field Y to B, each of the above terms vanishes, since σ * (Y ) = 0. We thus get:
Theorem 2.6. Let (B n , g B ) and (F m , g F ) be two compact Riemannian manifolds with formal metrics. Then the warped product metric
is formal if and only if the warping function ϕ is constant.
Proof: Let β ∈ Ω p (F ) be a g F -harmonic form on F (as b m (F ) = 1, there exists at least a harmonic m-form on F ). From (8) and (9), it follows that σ * β is a g-harmonic form on the warped product B × ϕ F . If we assume the warped metric g to be formal, it follows in particular that the length of σ * β is constant. As g F is also assumed to be formal, the length of β is constant as well. On the other hand, the following relation holds:
showing that the function ϕ must be constant. Conversely, if ϕ is constant, then the warped product reduces to the Riemannian product between the Riemannian manifolds (B, g B ) and (F, ϕ 2 g F ), which is geometrically formal by Proposition 2.2.
Remark 2.7. From the above proof we see that Theorem 2.6 holds more generally for metrics having all harmonic forms of constant length.
Geometric formality of Vaisman metrics
A Vaisman manifold is a particular type of locally conformal Kähler (LCK) manifold. It is defined as a Hermitian manifold (M, J, g), of real dimension n = 2m ≥ 4, whose fundamental 2-form ω satisfies the conditions: dω = θ ∧ ω, ∇θ = 0. Here θ is a (closed) 1-form, called the Lee form, and ∇ is the Levi-Civita connection of the LCK metric g (we always consider θ = 0, to not include the Kähler manifolds among the Vaisman ones).
Compact Vaisman manifolds are closely related to Sasakian ones, as the following structure theorem shows: 
This puts compact Vaisman manifolds into the framework of warped products and motivates their consideration here.
Vaisman manifolds are abundant. Every Hopf manifold (quotient of C N \ {0} by the cyclic group generated by a semi-simple operator with subunitary eigenvalues) is such, and all its compact complex submanifolds (see [Ve, Proposition 6.5] ). Besides, the complete list of Vaisman compact surfaces is given in [B] .
Being parallel and Killing (see [DO] ), the Lee field θ ♯ is real holomorphic and, together with Jθ ♯ generates a one-dimensional complex, totally geodesic, Riemannian foliation F. Note that F is transversally Kähler.
In the sequel, the terms basic (foliate) and horizontal refer to F. Moreover, we shall use the basic versions of the standard operators acting on Ω * B (M ), the space of basic forms: ∆ B is the basic Laplace operator, L B is the exterior multiplication with the transversal Kähler form and Λ B its adjoint with respect to the transversal metric.
The main result of this section puts severe restrictions on formal Vaisman metrics: 
Proof:
Let γ ∈ Ω p (M ) be a harmonic form on M for some p, 1 ≤ p ≤ m − 1. By [V, Theorem 4 .1], γ has the following form:
with α and β basic, transversally harmonic and transversally primitive. Since α is basic, Jα is also a basic p-form that is transversally harmonic and transversally primitive:
because ∆ B and Λ B both commute with the transversal complex structure J (as the foliation is transversally Kähler). Again from [V, Theorem 4.1] , by taking β = 0, it follows that Jα is a harmonic form on M : ∆(Jα) = 0.
The assumption that g is geometrically formal implies that α ∧ Jα is harmonic on M , so that in particular it is coclosed: δ(α∧Jα) = 0. According to [V] , this implies that α ∧ Jα is transversally primitive: Λ B (α ∧ Jα) = 0.
On the other hand, it is proven in [GN, Proposition 2.2] that for primitive forms η, µ ∈ Λ p V , where (V, g, J) is any Hermitian vector space, the following algebraic relation holds: (12) (Λ) p (η ∧ µ) = (−1)
where J is the extension of the complex structure to Λ * V defined by:
(Jη)(v 1 , . . . , v p ) := η(Jv 1 , . . . , Jv p ), for all η ∈ Λ p V, v 1 , . . . , v p ∈ V.
We apply the above formula to the transversal Kähler geometry and obtain that α vanishes everywhere:
The same argument as above applied to β ∈ Ω The converse is clear, since the space of harmonic forms with respect to the Vaisman metric g is spanned by {1, θ, * θ, dvol g } and thus the only product of harmonic forms which is not trivial is θ ∧ * θ = g(θ, θ)dvol g , which is harmonic because θ has constant length, being a parallel 1-form. 
